We prove that random rank r ≤ 2m − 3 mixed states in bipartite quantum systems H m A ⊗ H m B are entangled based on algebraicgeometric separability criterion recently proved in [1] . This also means that algebraic-geometric separability criterion can be used to detect all low rank entagled mixed states outside a measure zero set.
where p j > 0 and |ψ j >, |φ j > are pure states in H m A , H n B . Otherwise it is called entangled, ie., it cannot be prepared by A and B separately. It is realized that entangled states are very important resources in quantum communication, quantum cryptography and quantum computation. Thus one of the fundamental and natural questions concerning quantum entanglement is to estimate how many entamgled or separable states exist among all quantum states ( [8] , [9] , [10] ). Similar problems are also considered for continuous variable quantum entanglement ( [10] , [11] ). The main previously known results are: (1) the volumes of separable ,entangled, bound entangled mixed states are not zero ( [8] );(2) all mixed states in a neighborhood (this neighborhood can be explicitlly determined ) of the maximally mixed state are separable ( [8] , [9] ); (3)the volume of separable mixed states approaches zero when dimension goes to infinity ( [8] ). It is also noted from numerical simulation that the purer the quantum state is, the smaller its possibility of being separable ( [8] ). There are also applications of the result (2) in analysis of NMR quantum computation ( [9] ).
The main result of this letter is the following result. From now on, "generic" elememts of a set means the elements of this set outside an algebraic set (ie. zero locus of some algebraic equations, see [13] ).
We should note that the algebraic set Z(r) ([13]) defined as zero locus of algebraic equations has volume zero under any reasonable measure. Thus it is known that random rank r ≤ 2m − 3 mixed states in H For example, for rank 1 mixed states (pure states) φ = Σ m i,j a ij |ij > it is well-known that the Schmidt number of φ is just the rank of the matrix A = (a ij ) 1≤i,j≤m . Thus the pure states outside the algebraic set defined by detA = 0 have Schmidt number m, thus entagled. This is previously known result ( [8] ).
For bipartite mixed states
as the degenerating locus of the measurement of the mixed states by separable pure states. They are non-local invariants of ρ, ie., they are invariant when local unitary transformations applied to the mixed states. Moreover these algebraic sets are independent of the eigenvalues and only measure the positions of the eigenvectors of the mixed states.
Let us recall the basic facts about algebraic-geometric invariants of bipartite mixed states in [1] . For any bipartite mixed states ρ on
, we want to understand it by measuring it with separable pure states, ie., we consider the < φ 1 ⊗ φ 2 |ρ|φ 1 ⊗ φ 2 > for any pure states
We consider the degenerating locus of this bilinear form, ie.,
.., n − 1. We can use the coordinate form of this formalism. Let {|11 >, ..., |1n >, ..., |m1 >, ..., |mn >} be the standard orthogonal base of h m A ⊗ H n B and ρ be an arbitrary mixed states. We represent the matrix of ρ in the base {|11 >, ...|1n >, ..., |m1 >, ..., |mn >}, and consider ρ as a blocked matrix ρ = (ρ ij ) 1≤i≤m,1≤j≤m with each block ρ ij a n × n matrix corresponding to the |i1 >, ..., |in > rows and the |j1 >, ..., |jn > columns. For any pure state φ 1 = r 1 |1 > +... + r m |m >∈ P (H m A ) the matrix of the Hermitian linear form < φ 1 |ρ|φ 1 > with the base |1 >, ..., |n > is Σ i,j r i r * j ρ ij . Thus the "degenerating locus" is actually as follows.
n−1 can be defined. Here * means the conjugate of complex numbers. It is known from Theorem 1 and 2 of [1] that these sets are algebraic sets (zero locus of several multi-variable polynomials, see [13] ) and they are invariants under local unitary transformations depending only on the eigenvectors of ρ. Actually these algebraic sets can be computed easily as follows.
Let {|11 >, ..., |1n >, ..., |m1 >, ..., |mn >} be the standard orthogonal base of H = (a ijl ) 1≤i≤m,1≤j≤n,1≤l≤t is the mn × t matrix. Then it is clear that the matrix representation of ρ with the base {|11 >, ..., |1n >, ..., |m1 >, ..., |mn >} is AP (A * ) τ , where P is the diagonal matrix with diagonal entries p 1 , ..., p t . We may consider the mn × t matrix A as a m × 1 blocked matrix with each block A w , where w = 1, ..., m, a n × t matrix corresponding to {|w1 >, ..., |wn >}. Then V The following obsevation is the the key point of the proof of main theorem. From Lemma 1 in [15] , the range of ρ is the linear span of vectors |v 1 >, ..., |v t >. We take any dim(range(ρ)) linear independent vectors in the set {|v 1 >, ..., |v t >}, say they are |v 1 >, ..., |v s > , where s = dim(range(ρ)). In [14] , Schmidt number of mixed states was introduced as the minimum Schmidt rank of pure states that are needed to construct such mixed states. For a bipartite mixed state ρ, it has Schmidt number k if and only if for any decomposition ρ = Σ i p i P |v i > for positive real numbers p i 's and pure states |v i >'s, at least one of the pure states |v i >'s has Schmidt rank at least k, and there exists such a decomposition with all pure states |v i >'s Schmidt rank at most k.
We have the following result, which gives a strong lower bound of Schmidt numbers of bipartite mixed states and is the key of the proof of Theorem 1. For the proof, we just need to take r = 2, t = m in Theorem 2. From the condition that the 2m×m matrix consiting of 2m rows of A 1 and A 2 has rank m, we can easily get V 0 A (ρ) = ∅. Thus from Theorem 2, we get the conclusion.
For the purpose to prove Theorem 1, we need to recall a well-known result in the theory of determinantal varieties (see Proposition in p.67 of [16] ). Let M(m, n) = {(x ij ) : 1 ≤ i ≤ m, 1 ≤ j ≤ n} (isomorphic to CP mn−1 ) be the projective space of all m × n matrices. For a integer 0 ≤ k ≤ min{m, n}, M(m, n) k is defined as the locus {A = (x ij ) ∈ M(m, n) : rank(A) ≤ k}. M(m, n) k is called generic determinantal varieties. For rank mixed states of rank m + 1, ...2m − 4. We can use a similar argument to get the conclusion.
The author acknowledges the support from NNSF China, Information Science Division, grant 69972049. e-mail: dcschenh@nus.edu.sg
